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Chapter 3: Configuration Spaces

Ø describe a robot as a single or multiple interconnected rigid bodies,

Ø define the configuration space of a robot,

Ø examine numerous example configuration spaces, and

Ø discuss forward and inverse kinematic maps that arise in robot motion planning.
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a robot described by a moving point (that is, the robot has zero size).

𝑝"#$%#

𝑝&'$(

Motion Planning for Robots with Finite Shape and Size

robots with a finite shape and size (a robot is composed of 
a single rigid body or multiple interconnected rigid bodies).

𝑝"#$%#

.𝑝&'$( Robot cannot go 
through this space
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A robot is composed of a single rigid body or multiple interconnected rigid bodies;
• robots are 3-dimensional in nature, but we will focus on planar problems

Robot Modeling

a rigid body is a collection of particles whose position 
relative to one another is fixed

(            )
Soft robots also exist but 
not the focus of our study.
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Example Robot Model Abstractions

robots with a finite shape and size (a robot is composed of 
a single rigid body or multiple interconnected rigid bodies).

𝑝"#$%#

.𝑝&'$(
disk robot

translating polygon robot

roto-translating polygon robot

multi-body robot
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Motion Planning for Rigid Body Robots

To create motion plans for robots, we must be able to specify the position of the robot.
• We should ensure that no points on the robot collides with an obstacle.

we should be able to give a specification of the location of 
every point on the robot

Ø How much information is required to completely specify the position of every point on the robot?

Ø How should this information be represented? 

Ø What are the mathematical properties of these representations?

Ø How can obstacles in the robot world be taken into 
consideration while planning the path of a robot?
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To specify the position of every point belonging to a rigid body: 
the position of a specific point and the orientation of the rigid body, plus a representation of the shape of the 
rigid body (which does not vary with time as the body is rigid)

A minimal set of variables that describe the 
position and orientation of the specific point.

A configuration of a robot is a minimal set of variables that specifies the position and orientation of each rigid 
body composing the robot. The robot configuration is usually denoted by the letter 𝑞.

Configuration of a Robot

𝑑
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Ø A configuration of a robot is a minimal set of variables that specifies the position and orientation of each rigid body 
composing the robot. The robot configuration is usually denoted by the letter 𝑞.

Ø The configuration space is the set of all possible configurations of a robot, denoted by the letter 𝑄, so that 𝑞 ∈ 𝑄.

Ø The number of degrees of freedom of a robot is the dimension of the configuration space, i.e., the minimum number of 
variables required to fully specify the position and orientation of each rigid body belonging to the robot.

Ø The configuration map, and it maps each point 𝑞 ∈ 𝑄 to the set of all points ℬ 𝑞 of the workspace belonging to the robot.

𝑑

ℬ 𝑞

ℬ 𝑞

Configuration of a Robot



Configuration Space: Examples
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Configuration Space: Two-link Robot
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Configuration Space: More Examples
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Joints and Their Degrees of Freedom

https://www:youtube:com/watch?v=5tRT5j3jfsE ©Solmaz Kia, UCI



Forward and Inverse Kinematic Maps

With the help of forward and inverse kinematics maps we can transform motion 
planning problems from the workspace 𝑊 to the configuration space 𝑄.

Motion planning for rigid body robots: given a motion planning problem in the workspace “move from 
point 𝑝"#$%# ∈ 𝑊 to point 𝑃&'$( ∈ 𝑊,” we need to translate this specification into the configuration space, 
i.e., move from a configuration 𝑞"#$%# ∈ 𝑄 to a configuration 𝑞&'$( ∈ 𝑄 .

The forward kinematics problem: compute (𝑥, 𝑦) as a 
function of 𝜃6, 𝜃7 .

The inverse kinematics problem: compute 𝜃6, 𝜃7 as a 
function of (𝑥, 𝑦).
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Forward Kinematics Map of the 2-link Robot

forward kinematics map
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Proposition (Inverse kinematics for 2-link robot) Consider the 2-link 
robot with configuration (𝜃6, 𝜃7) and links length (ℓ6, ℓ7) shown 
below. Given a desired end-effector position (𝑥, 𝑦) such that 
ℓ6 − ℓ7 < 𝑥7 + 𝑦7 ≤ (ℓ6 + ℓ7), there exist two (possibly 

coincident) solutions for the joint angle 𝜃7 given by  

=

=

Inverse Kinematics Map of the 2-link Robot



Math Appendix: Solution to Basic Trigonometric Equalities 
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Math appendix: Four-quadrant Arctangent Function with Two Arguments
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Math Appendix: Alternative Solutions to Basic trigonometric Equalities 
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