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Outline

Linear system

To construct all the outputs due to u:

• Find one particular output corresponding to the 
input u and zero initial condition.

• Final all outputs corresponding to the zero input.

• Basic properties of LTV/LTI systems
• Causality
• Linearity
• Time invariance

Input-output description (Impulse response) for relaxed and linear system

𝑦 𝑡 = $
!!

!
𝐺 𝑡, 𝜏 𝑢 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

𝐺 𝑡, 𝜏 is the system’s output at time 𝑡 due to an impulse at time 𝜏.

Input-output description (Impulse response) for relaxed and linear time-
invariant  system

𝑦 𝑡 = $
!!

!
𝐺 𝑡 𝑢 𝑡 − 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

𝐺 𝑡 is the system’s output at time 𝑡 due to an impulse at time 0.

Input-output description in Laplace domain 
"𝑦(𝑠) = (𝐺 𝑠 *𝑢(𝑠), ∀𝑡 ≥ 0

Lecture 3 covers
• Review of Impulse Response and Transfer Function 
• From LTI State-Space form to Transfer Function 
• From Transfer Function to LTI State-Space form 
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Basic properties of LTV/LTI systems: Causality
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From SS representation to TF representation 
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From SS representation to TF representation 

Recall "𝑦 𝑠 = &𝐺(𝑠)"𝑢(𝑠) (zero initial condition), then

&𝐺 𝑠 = C sI − A !"B + D

𝑠"𝑥 𝑠 − 𝑥 0 = 𝐴"𝑥 𝑠 + 𝐵"𝑢(𝑠)
"𝑦 𝑠 = 𝐶 "𝑥 𝑠 + 𝐷"𝑢(𝑠)
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From SS representation to TF representation 

Recall "𝑦 𝑠 = &𝐺(𝑠)"𝑢(𝑠) (zero initial condition), then

&𝐺 𝑠 = C sI − A !"B + D
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&𝐺 𝑠 = C sI − A !"B + D
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Elementary Realization (from TF rep. to SS rep.) 
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Realizable transfer functions 

Rational Transfer Function is a ratio of two polynomials with real coefficients.

&𝐺 𝑠 =
𝑠# + 1

𝑠- + 𝑠 + 1
&𝐺 𝑠 =

𝑠#

𝑠- + 𝑠 + 1 𝑒
!..0+

Proper Rational Transfer Function is a transfer function in which the degree of the numerator does not exceed the degree 
of the denominator, otherwise the transfer function is Improper

1𝐺 𝑠 = CDE
F/DFDE

1𝐺 𝑠 = F0DE
F/DFDE

Strictly Proper Rational Transfer Function is a transfer function in which the degree of the numerator is less than the 
degree of the denominator,

1𝐺 𝑠 = F1DE
F/DFDE

1𝐺 𝑠 = F/DE
F/DFDE
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From rational proper TF to SS 

𝑑 𝑠 = 𝑠 + 1 𝑠 + 3 = 1 𝑠# + 4 𝑠 + 3
𝛼" 𝛼#

− 2
345

− 2
346
342

(346)(345)

= 6
3J49345

−2(𝑠 + 1)
−2(𝑠 + 3)
𝑠 + 2

= 6
3J49345

−2
−2
1

𝑠 +
−2
−6
2

𝑁" 𝑁#
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From rational proper TF to SS 

𝑑 𝑠 = 𝑠 + 1 𝑠 + 3 = 1 𝑠2 + 4 𝑠 + 3
𝛼6 𝛼2

− 2
345

− 2
346
342

(346)(345)

= 6
3J49345

−2(𝑠 + 1)
−2(𝑠 + 3)
𝑠 + 2

= 6
3J49345

−2
−2
1

𝑠 +
−2
−6
2

𝑁6 𝑁2

𝐴 = −4 −3
1 0 , 𝐵 = 1

0 , C =
−2 −2
−2 −6
1 2

, D =
1
1
0

𝑝: number of inputs
𝑞: number of outputs
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From rational proper TF to SS 
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From rational proper TF to SS: Example 

:𝐺 𝑠 =

𝑠
(2𝑠 + 1)

𝑠 + 1
(𝑠 + 2)

1
(𝑠 + 1)

𝑠 + 3
(𝑠 + 1)

𝑠Q

(𝑠 + 12)(2𝑠 + 1)

−1
(4𝑠 + 8)

𝑝 = 3 inputs, 𝑞 = 2 outputs

• 𝐷 = limF→S

F
(QFDE)

FDE
(FDQ)

E
(FDE)

FDC
(FDE)

F1

(FD21)(QFDE)
TE

(UFDV)

=
E
Q

1 0

1 E
Q

0
, :𝐺FW 𝑠 = :𝐺 𝑠 − 𝐷 =

TE
U(FD21)

TE
(FDQ)

E
(FDE)

Q
(FDE)

T21FT
2
3

(FD21)(FD
2
1)

TE
U(FD21)

• 𝑑 𝑠 = 𝑠 + E
Q

Q
𝑠 + 1 𝑠 + 2 = 𝑠U + 4 𝑠C + QE

U
𝑠Q + EE

U
𝑠 + ½

• :𝐺FW 𝑠 =

TE

U(FD21)

TE
(FDQ)

E
(FDE)

Q
(FDE)

TFT23
(FD21)(FD

2
1)

TE
U(FD21)

= E

FD21
1
FDE FDQ

TE
U

𝑠 + E
Q

𝑠 + 1 𝑠 + 2 − 𝑠 + E
Q

Q
𝑠 + 1 𝑠 + E

Q

Q
𝑠 + 2

2 𝑠 + E
Q

Q
𝑠 + 2 (−𝑠 − E

V
) 𝑠 + 1 𝑠 + 2 TE

U
𝑠 + E

Q
𝑠 + 1 𝑠 + 2

= E

FD21
1
FDE FDQ

- 𝑠C/4 - (7𝑠Q)/8 - (7𝑠)/8 - 1/4 - 𝑠C - 2𝑠Q - (5𝑠)/4 - 1/4 𝑠C + 3𝑠Q + (9𝑠)/4 + 1/2
2𝑠C + 6𝑠Q + (9𝑠)/2 + 1 - 𝑠C/2 - (13𝑠Q)/8 - (11𝑠)/8 - 1/4 − 𝑠C/4 − (7𝑠Q)/8 − (7𝑠)/8 − 1/4

=

E

FD21
1
FDE FDQ

TE
U

−1 1

2 TE
Q

TE
U

𝑠C +
TX
V

−2 3

6 TEC
V

TX
V

𝑠Q +
TX
V

− Y
U

Z
U

Z
Q

TEE
V

TX
V

𝑠 +
TE
U

− E
U

E
Q

1 TE
U

TE
U

𝛼6 𝛼2 𝛼5 𝛼9

𝑁6 𝑁2 𝑁5 𝑁9



© Solmaz Kia, UCI

From rational proper TF to SS: Example (cont’d)

𝐴 =

−4 0 0 − "#
$

0 0 − ##
$

0 0 − #
"

0 0

0 −4 0 0 − "#
$

0 0 ##
$

0 0 − #
"

0

0 0 −4 0 0 − "#
$

0 0 ##
$

0 0 − #
"

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0

,  𝐵 =

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

𝐶 =
M6
9

−1 1

2 M6
2

M6
9

MN
O

−2 3

6 M65
O

MN
O

MN
O

− P
9

Q
9

Q
2

M66
O

MN
O

M6
9

− 6
9

6
2

1 M6
9

M6
9

, 𝐷=
6
2

1 0

1 6
2

0

:𝐺 𝑠 =

𝑠
(2𝑠 + 1)

𝑠 + 1
(𝑠 + 2)

1
(𝑠 + 1)

𝑠 + 3
(𝑠 + 1)

𝑠Q

(𝑠 + 12)(2𝑠 + 1)

−1
(4𝑠 + 8)
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