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Outline

Linear system

Assumption: If an excitation or input is applied to the input terminal a unique response or output signal can be 
measured at the output terminal.

Objective: Discuss some of the basic properties of state-space linear systems
• Basic properties of LTV/LTI systems

• Causality
• Linearity
• Time invariance

• Characterization of all the outputs to a given input
• Impulse response
• Laplace transformation (review)
• Transfer functions
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Basic properties of LTV/LTI systems: Causality

Figure credit: Ref [1].
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Concept of state

Initial	condition
𝑥 𝑡! ∈ 𝑅"

Def. A system is said to be lumped if its 
number of state variables is finite.

𝑥 𝑡 = 𝑢 𝑡 − 𝑇 ,
𝑦 𝑡 = 𝑥 𝑡 .

Initial	condition
𝑥 𝜏 = 𝑢 𝜏 , 𝜏 ∈ [−𝑇, 𝑡!]

Def. A system is said to be distributed if it 
has infinitely many state variables.
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Basic properties of LTV/LTI systems: Linearity

or alternatively
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Basic properties of LTV/LTI systems: Time invariance

Figure credit: Ref [1].A time invariance system
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Characterization of all the outputs to a given input
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Input-output description

To construct all the outputs due to u:

• Find one particular output corresponding to the input u and zero initial condition.

• Final all outputs corresponding to the zero input.
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Input-output description: Impulse response

Impulse response : mathematical description of zero-state response.

Assumption: System is relaxed

Def. (relaxed system): A system is said to be relaxed at 𝑡! if its initial state 𝑥(𝑡!) is 0. In this 
case the output 𝑦 𝑡 , 𝑡 ≥ 𝑡0 is excited exclusively by the input 𝑢(𝑡) for , 𝑡 ≥ 𝑡0 .
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Input-output description: Impulse response

Consider a relaxed SISO system
Approximation to an input signal 𝑢: 0,∞ → 𝑅:

𝑢# 𝑡 = @
$%!

&

𝑢 𝑘Δ Δ 𝛿# 𝑡 − 𝑘Δ , ∀𝑡 ≥ 0

For each 𝜏 ≥ 0, let 𝑔# 𝑡, 𝜏 , 𝑡 ≥ 0 be an output 
corresponding to input 𝛿# 𝑡 − 𝜏 :

𝛿# 𝑡 − 𝜏 ⟼ 𝑔# 𝑡, 𝜏

Linearity

Approximation to an input signal 𝑢: 0,∞ → 𝑅:

𝑢# 𝑡 ⟼ 𝑦#(𝑡) = @
$%!

&

𝑔# 𝑡, 𝑘Δ 𝑢 𝑘Δ Δ, ∀𝑡 ≥ 0

When Δ → 0 we have 𝑢# 𝑡 → 𝑢(𝑡) : 

𝑢 𝑡 ⟼ 𝑦 𝑡 = lim
#→!

𝑦#(𝑡) = lim
#→!

@
$%!

&

𝑔# 𝑡 − 𝑘Δ 𝑢 𝑘Δ Δ = H
!

&
𝑔 𝑡, 𝜏 𝑢 𝜏 𝑑 𝜏 ,⋯∀𝑡 ≥ 0

𝑔 𝑡, 𝜏 = lim
#→!

𝑔# 𝑡, 𝑘Δ

Figure credit: Ref [1].
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Input-output description: Impulse response

Consider a relaxed SISO system

Zero-state response of a SISO linear system given a 𝑢: 0,∞ → 𝑅:

𝑢 𝑡 ⟼ 𝑦 𝑡 = H
(!

&
𝑔 𝑡, 𝜏 𝑢 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

𝑔 𝑡, 𝜏 = lim
#→!

𝑔# 𝑡 − 𝑘Δ

𝑢 𝑡 ⟼ 𝑦 𝑡 = H
(!

(
𝑔 𝑡, 𝜏 𝑢 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0
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Input-output description: Impulse response of MIMO systems

MIMO linear system
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Zero-state response of a SISO linear system given a 𝑢: 0,∞ → 𝑅:

𝑢 𝑡 ⟼ 𝑦 𝑡 = H
(!

(
𝑢 𝜏 𝑔 𝑡, 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

Input-output description: Impulse response of LTI systems

LTV

LTI

Zero-state response of a SISO LTI given a 𝑢: 0,∞ → 𝑅:

𝑢 𝑡 ⟼ 𝑦 𝑡 = H
(!

(
𝑔 𝑡 − 𝜏 𝑢 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

Or equivalently

𝑢 𝑡 ⟼ 𝑦 𝑡 = H
(!

(
𝑔 𝑡 𝑢 𝑡 − 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

Time-invariant system: 𝑔 𝑡, 𝜏 = 𝑔 𝑡 − 𝜏, 𝜏 − 𝜏 = 𝑔 𝑡 − 𝜏, 0 = 𝑔 𝑡 − 𝜏

𝑔 𝑡 = g(t − 0): The output at time 𝑡 due to an impulse input applied at time 0.
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Input-output description: Impulse response

Input-output description (Impulse response) for relaxed and linear system

𝑦 𝑡 = %
&!

&
𝐺 𝑡, 𝜏 𝑢 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

𝐺 𝑡, 𝜏 is the system’s output at time 𝑡 due to an impulse at time 𝜏.

Input-output description (Impulse response) for relaxed and linear time-invariant  system

𝑦 𝑡 = %
&!

&
𝐺 𝑡 𝑢 𝑡 − 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

𝐺 𝑡 is the system’s output at time 𝑡 due to an impulse at time 0.
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Laplace Transform (review)
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Transfer function of a LTI system

Input-output description for relaxed and linear time-invariant  system

𝑦 𝑡 = %
&!

&
𝐺 𝑡 𝑢 𝑡 − 𝜏 𝑑 𝜏 , ∀𝑡 ≥ 0

Input-output description in Laplace domain 
0𝑦(𝑠) = 4𝐺 𝑠 5𝑢(𝑠), ∀𝑡 ≥ 0
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