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Complementary Reading: Ch 6.1, 6.2 and 6.8 from Ref[1].

Note: These slides only cover part of the discussions in the class. For further details,

consult your in-class notes. L0



This lecture

@ Controllable and reachable subspaces for LTV systems of the form

y = C(t)x+ D(t)u, X(to) =xo € R™

{x = A(t)x + B(t)y,
o Can we steer the system states from zero initial conditions to any place in the
space in finite time? If not for all the points, what subset of space we can
reach in finite time?
o Can we steer the system states from any arbitrary point in the space to the
origin in finite time? If not for all the points, what subset of the space we can
steer to origin in finite?

@ Special case: controllable and reachable subspaces for LTI systems of the
form

x = Ax + Bu,
{x x+bu x(tg) = %o € R™

y=Cx+Du,
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Controllable and reachable subspaces: example
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Controllable and reachable subspaces for LTV systems

% = Alt)x+ B, j .
{y —Clt)x+ D, =R

x(t) = d(t, to)xo +J &(t, 7)B(t)u(t)dt =
att=1t;: x1 =x(t1) = p(t1, to)xo +J 1 ¢(ty, T)B(u(t)dr

to

Definition (Reachable subspace (controllable-from-the-origin))

Given two times t; > to > 0, starting from xq = 0,
g
Rlto, t1] := {X1 eR™: Ju(.), x; :J (b(tl,T‘]B(T)u(T‘]dT}

to

Definition (Controllable subspace (controllable-to-the-origin))

Given two times t; > to > 0, starting from xq # 0,

ty

Cg[to, tl] = {XO e R™: Hu(), 0= d)(t]_,to)Xo +J

to

d(ts, T)B(T)u(’t)d’c}

rty

Clty, t1] := {Xo eR™:Iv(.) =—u(.),xo = ‘ (tJ(LO,T)B(T}v(T]dT}
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Controllable and reachable subspaces: example

1
X = R1Cy
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when R]_Cl = R2C2 = 1/(,0

x(0) =0

possible if x(0) is aligned with H]

€ [to, t1] = {oc {J D€ “} Vt; > tg > 0.
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Reachability gramians

Definition (Reachability gramian for given t; > to > 0)

ty

wR(to,t1)=J (2, B(T)B(0) T (1, 1) T,

to

| \

Theorem (Reachable subspace)

Given two times t; >t > 0,
Rlto, t1] = ImWk (to, t1),
Moreover, if x; = Wx(to, t1)n1 € ImWk(to, t1), the control

u(t) =B(t)Td(t1,t) "1, tE [to,t1], minimum-energy open-loop controller

can be used to transfer the state from x(to) = 0 to x(t;) = x1.
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This system is not reachable because det(Wg (tg, t1)) =0 for all t; > to > 0.

The reachable set is R[tg, t1] = ImWyg (to, t1) = span {ﬂ
. 0 2
Find the controller to take the system from x(0) = ol t© x(1) = 5 (t1 =1).

2 1 1 1 4 1
x1 = Wg(to, t1)n1 € ImWg (to, t1) = [2] = (5(*1+el) {1 J m=m= o [0}

4 142 1—27 (1] 4 142
e_l[ﬁeT \/fe‘r} 0 _e—l\/{e 2, tE[O,l].7/10
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Controllability gramians

Definition (Controllability gramians for given t; > t; > 0)

We(to ) =j " b(to, B(D)B(0) dlto, 1) Tdr,

to

| \

Theorem (Controllable subspace)

Given two times t; >t > 0,
€[to, t1] = ImWe (to, t1),
Moreover, if xo = Wc(to, t1)no € ImMWc(to, t1), the control

u(t) = —B(t) "d(to, t) T1jg, t € [tg,t1], minimum-energy open-loop controller

can be used to transfer the state from x(to) = xo to x(t;) = 0.
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Controllability matrix for LTI systems

x =Ax+Bu, x(ty) =xp € R"

Definition (Reachability and controllability gramians for given t; > to > 0)

t1
& (t1, T)B(T)B(T) T (t1,t) Tdt = J At—TIBRTAT (1=7) g,

to

it} ty
Wc(to,t1)=J ¢(tovT)B(T)B(T)T¢(t0,T)Tdr=_[ Ao BBTeA (Tl g,

to to
Let
e=[B AB A’B .- AMIB] ...

For any two time t; > tg > 0

Rltg, t1] = ImWrg (to, t1) = ImC = ImW (to, t1) = € [to, t1].

@ The controllable and reachable subspaces are the same for continuous-time LTI systems.
Because of this for continuous-time LTI systems one simply studies controllability and
neglects reachability.
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Controllable and reachable subspaces: example

__1 0 _1
k:[ Récl 1 }er{Rllcl}u

T RG Ry Cy

This is an LTI system, therefore the controllable and reachable subsets are equal to one and other and can
be obtained from finding Image (range) of controllability matrix:

_ 1 _ 1
ow_R1C1_R2C2

e=[B AB|= [‘” ’“’1

w  —w?

C has one linearly independent column. The reachable and controllable subsets are (o« € R):

Im€ = [ﬁ] -8 H = R(to,t1) = €to, t1)

02
e=[B AB]= [“’1 “’5]
w2 — w3
€ has two linearly independent columns. The reachable and controllable subsets are (x, 3 € R):

2
Im€ = « [ﬁj +B m%] =R? = R(tg, t1) = € (to, t1)

In this case every point in the R? is reachable from the origin in finite time and every point in the
R? can be steered to origin in finite time.
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