Lecture 1/-18
Primal methods

Solmaz Kia
Mechanical and Aerospace Eng. Dept,,

University of California Irvine

Consult: Section 2.3 of Ref[1] and Sections 12.1,12.2 and 12.4 of Ref[2]



Primal Methods for constraint dﬁptimization

We consider the problem ¥ earliy eflod
min f(x) F, j L‘arnaa(‘an
O (metel
g(x)<0 \ - Hiless )
h(x) =0 F;N\wduo& o bipl e
X) = “r .
0 ,)/,'/vm\ math

— Do el

By a primal method we mean a search method that works by
searching through the feasible region.

First Order Necessary Condition for Optimality: x* is a local minimizer then

Vi(x*)TAx >0, for Ax e V(x*)
@ Set of first order feasible variations at x
V(x) ={d € R™ | Vhi(x)Td =0, Vgj(x)Td<0, jeAXx")}

@ Active inequality constraints at x




Primal Methods for constraint optimization

We consider the problem

min f(x)
g(x) <0
h(x) =0

By a primal method we mean a search method that works by
searching through the feasible region.
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Advantages T
m If the process is terminated before reaching the solution, the
. B . ,hwe Cgﬂml
current point is feasible. . — Ay

m It can often be guaranteed that if the sequence of points
converges, then the limit is a local constrained minimum.

m Most of the primal methods do not rely on special structure,
such as convexity.

Disadvantages
m Needs a feasible starting point.
m It can be computationally hard to remain in the feasible region.



Feasible Direction Methods

The idea of feasible direction methods is the same as with
unconstrained problems: Vw19

ie’sf\,\z
A7
Xk4+1 = Xk T+ Ozkdk € S

where dy is a feasible direction at x4, and oy > 0.
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ak is chosen to minimize f with the restriction that the point X1,

and the line segment joining x, and x,,1 be feasible.

OPT: x* =argmin f(x)
xeR™

x € X (X is the set of constraints) X

o

for X =R™ (problem becomes unconstrained)/‘ 3

D € R" is a feasible
direction at x € X for OPT
if (x+ ad) € X for

x € [0, ]
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Given a feasible point xy, let A(xy) be the set of indices of active constraints, i.e.,

a xx = by for i € A(xx).

The direction vector dy is then chosen as the solution of

S kst with o " St minimize Vf(x)'d s.t.
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@ The last equation (which can be converted to linear constraints) ensures a
bounded solution.

@ The other constraints assure that xx + dx will be feasible for sufficiently
small o > 0.

@ The objective function makes d as close to Vf(xy) as possible.



Feasible Direction Methods

There are two major shortcomings of feasible direction methods in
this form.

m For general problems there may not exist any feasible
directions (see figure). .. cxanple in come f nonbiens Ny

m They are also vulnerable to ,,jamming", or ,zigzagging”, which
we have also seen with unconstrained problems, but here it
might converge to a point that is not even a constrained local
minimum (the algorithmic map is not closed).
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PRACTICAL AUGMENTED LAGRANGIAN METHODS:
BOUND-CONSTRAINED FORMULATION

minimize f(x)

h(x)=0, l<x<u

LA<x,A";ck>=f(x>+§ki"hi<x>+%§hi(x>2

Bounded Gradient Lagrangian method
x, < argmin L, (x,A“;u,) subject to
[<x<u

)Lik+l = A’ik +¢,.h(x,)
Cey7@>0



minimize f(x)

h(x) =

0, l<x<u

(Bound-Constrained Lagrangian Method).
Choose an initial point xo and initial multipliers A%;
Choose convergence tolerances 7, and w,;

P here is the projection operator for boxed
inequality (check your notes on gradient
projection method for further details)

An efficient technique for
solving the nonlinear program
with bound constraints

Set Cp =10, = 1/Cn,and 1o = 1/ 03
fork=0,1,2,...
Find an approximate solution x;
such that

I -

(%6 — VeLa(xe, A5 C o), 1, < @y;

if [|h(xe)ll < 7

(* test for convergence *)

ate solution x;;

(* update multipliers, tighten to ces *)
M+ = 2% + Cih(xe)s
Crpr = &3
M1 = M/CRpns
We+1 = Ok [ Ch13
else
(* increase penalty parameter, tighten tolerances *
Ak — )\'k;
1 = 1006;
Nk+1 = 1/&2'_'1_1;

@ min Co(x,0%€k) subjecttol/ <x <u

- VxﬁA(xk, Ak; "k)s l: u)" < wy

(for fixed u and A ) is the
(nonlinear) gradient projection
method (see your notes from
lectures on primal methods)

Remember that gradient projection method stops
when the point generated from x, by the gradient
descent algorithm gets projected back on x,
Check the stopping condition of the gradient
projection method in your notes for more details.

If this condition holds, the penalty parameter is not changed for
the next iteration because the current value of p, is producing an
acceptable level of constraint violation. The Lagrange multiplier
estimates are updated according to the update formula and the
tolerances w, and n, are tightened in advance of the next
| iteration. If, on the other hand, this condition does not
hold, then we increase the penalty parameter to ensure that the
next subproblem will place more emphasis on decreasing the
) constraint violations. The Lagrange multiplier estimates are not

updated in this case; the focus is on improving feasibility.

The constants 100, 0.1, 1 appearing here
are to some extent arbitrary;

w1 = 1/6Ggq15
end (if)
end (for)

other values can be used without
compromising theoretical convergence
properties.




