
Lectures 15 and 16
Solmaz Kia
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Augmented Lagrangian 
and 

the Alternating Direction of Multiplier Method

Consult Section 17.3 of ref [3] and Section 14.7 of Ref [2]



Solution methods for 
constrained optimization

• Idea: Seek the solution by replacing the 
original constrained problem by a sequence of 
unconstrained sub-problems
– Penalty method
– Barrier method
– Augmented Lagrangian method



Quadratic Penalty Method
minimize  f (x)    subject to
hi(x) = 0,                 i=1,...,m
gj(x) ≤ 0,                 j=1,...,r

minimize  f (x)+ µ
2

hi(x)2

i=1

m

∑  + µ
2

 (max{0,gj (x)})2

j=1

r

∑
µP(x )

! "###### $######

cc

c P(x)



The starting point xs
k+1 usually is selected to be xk
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Convergence Guarantees of the 
Practical Quadratic Penalty Method  

 Theorem- Suppose that the tolerances {τ k}and penalty parameters {µk}satisfy 
τ k →∞ and µk ↑∞. Then if a limit point x∗  of the sequence {xk}  is infeasible, 

it is a stationary point of the function h(x) 2 . On the other hand, if a limit point x∗  

is feasible and the constraint gradients ∇hi (x) are linearly independent, then x∗  is 
a KKT point for the problem 

                                                
minimize f (x)    subject to                                   
hi (x) = 0,                 i=1,...,m
&
'
(

For such points, we have for any infinite subsequence Κ  such that limk∈K xk = x
∗  that

                                                   limk∈K µkhi (xk ) = λi
∗ i =1,...,m

where λi
∗  is the multiplier vector that satisfies the KKT conditions 

(first order necessery conditions for optimality) for the equality constrained problem.
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Figure 1



Figure 2

Minimize the cost with the quadratic penalty function  
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Minimizer of 
the penalized 
cost (-1.1,-1.1)
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Figure 3

Minimize the augmented Lagrangian
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Minimizer of 
the augmented 
Lagrangian       
(-1.02,-1.02)



LA (x,λ
k;µk ) = f (x)+ λi

khi (x)+
µk

2i=1

m

∑ hi (x)
2

i=1

m

∑c
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minimize  f1(x1)+ f2 (x2 )

A1x1 + A2x2 = b

L(x1, x2,λ) = f1(x1)+ f2 (x2 )+λT (A1x1 + A2x2 − b)
First order necessary conditions:

∇xx1
L(x1, x2,λ) =∇xx1

f1(x1)+ A1
Tλ = 0

∇xx2
L(x1, x2,λ) =∇xx2

f2 (x2 )+ A2
Tλ = 0

∇λL(x1, x2,λ) = A1x1 + A2x2 − b = 0
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minimize  f1(x1)+ f2 (x2 )

A1x1 + A2x2 = b

x1 ∈Ω1, x2 ∈Ω2

LA (x1, x2,λ;µ) = f1(x1)+ f2 (x2 )+λT (A1x1 + A2x2 − b)+ µ
2

|| A1x1 + A2x2 − b ||2

Alternating direction of multiplier method (ADMM)

x1
k+1 ←

x1∈Ω1

argmin LA (x1, x2
k,λ k;µk )

x2
k+1 ←

x2∈Ω2

argmin LA (x1
k+1, x2,λ

k;µk )

λ k+1 = λ k +µk (A1x1
k+1 + A2x2

k+1 − b)
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minimize  f1(x1)+ f2 (x2 )

A1x1 + A2x2 = b

LA (x1, x2,λ;µ) = f1(x1)+ f2 (x2 )+λT (A1x1 + A2x2 − b)+ µ
2

|| A1x1 + A2x2 − b ||2

Alternating direction of multiplier method (ADMM)

x1
k+1 ←argmin LA (x1, x2

k,λ k;µ)

x2
k+1 ←argmin LA (x1

k+1, x2,λ
k;µ)

λ k+1 = λ k +µ (A1x1
k+1 + A2x2

k+1 − b)
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Note: you can use a finite value for c (consult your notes for more details)
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minimize  f1(x1)+ f2 (x2 )

A1x1 + A2x2 = b

LA (x1, x2,λ;µ) = f1(x1)+ f2 (x2 )+λ
T (A1x1 + A2x2 − b)+

µ
2
|| A1x1 + A2x2 − b ||

2

Augmented Lagrangian method

(x1
k, x2

k )← argmin
x1,x2

LA (x1, x2,λ
k;µk )

λ k+1 = λ k +µk (A1x1
k + A2x2

k − b)
µk+1 > µk > 0
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Alternating direction of multiplier method (ADMM)

x1
k+1 ←argmin LA (x1, x2

k,λ k;µk )

x2
k+1 ←argmin LA (x1

k+1, x2,λ
k;µk )

λ k+1 = λ k +µk (A1x1
k+1 + A2x2

k+1 − b)
µk+1 > µk > 0
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Augmented Lagrangian 
method solves one large 
optimization problem, 
whereas the ADMM 
solves two smaller size 
optimization problems 
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Example: 1 step of ADMM algorithm over a quadratic optimization problem.

Iminimize x + x
1 x1+x2=2

Here we have

f(x1)=x, f2(x2)=x, A1=1, A2=1, b=2

LA (x1 , x2 , A; t) = x + x + A(x1 + x2 — 2) + (x1 + x2 —
2)2

Given : x° = [ 2 ] —6, C 4 (ADMM does not need a initial conditin for x1)

Alternating direction of multiplier method (ADMM)

x argmin LA(xl,x°; C)=argmin x+4+(-6)(x1 +2-2)+(x1 +2_2)2
x1R x1R

This is a simple quadratic optimization problem which you can solve exactly by
setting the gradient of the unconstaint optimization problem to zero . The details are omitted for brevitey.
x = 1

x argmin LA(x,x2,°; )= argmin 1+x +(-6)(1+x2 -2)+(1+x2 _2)2
x2R x6R

This is a simple quadratic optimization problem which you can solve exactly by
setting the gradient of the unconstaint optimization problem to zero. The details are omitted for brevitey.

15x2 = —

3

=°+°(x +x-2)=-6+4(1+-2)=

Solmaz Sajjadi kia



Distributed unconstraint optimization using 
the ADMM method

• Review the following paper:
Ermin Wie, and Asuman Ozdaglar, “Distributed Alternating Direction Method 
of Multipliers”, IEEE Conference on Decision and Control, December 10-13, 
2012, Maui, Hawaii, USA
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